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Relat iv i ty  .-- on t h e  inner problem i n  t h e  case of 
1. 

Rote submitted by G. Darmois 

The external  problem solved independently by various authors [I1 /1276 
admits, a s  we know, t h e  following solut ion where a, h a r e  two constants: 

2 2 2 2 ds2 = U$ dx$ - dxl - u [dx + s i n  x2 2 2 &;I, 

The i n t e rna l  problem of t h e  Schwarzschild dsz has been solved 
f o r  a spec ia l  case by Schwarzschild himself, and l a t e r  generalized by 
L. Br i l louin .  The general solut ion of Bri l louin  and T. de Donder has 
been resurrected i n  a simpler form by Haag. 

The i n t e rna l  problem, i n  t h e  new case where A # 0, was solved 

by Maurice RuyensL2] using t he  methods recommended by T. de Donder. 

Haag showed t h a t  h i s  elegant solut ion was s t i l l  a p p l i ~ a b l e [ 3 ~ .  
Schwarzschild's solut ion has provoked some in t e r e s t i ng  remarks 

[ 41 and c r i t i c i sms  on t h e  pa r t  of Eddington . 

[llweyl, Eddington, Chazy . 
[21~omptes Rendus, h y  14, 1923. 

[31~omptes Rendus, May 28, 1923. 

[ 4 I ~ h k  mathematical theory of r e l a t i v i t y ,  p. 169-170. 



These observat ions,  which seem t o  be  j u s t i f i e d ,  deprive 
Schwarzschild's r e s u l t s  of some of  t h e i r  phys ica l  s ign i f i cance ,  Tc 
p a r t i c u l a r ,  f o r  t h e  case  of l a r g e  ma te r i a l  spheres,  Eddington esii- 
mates t h a t  t h e  conclusions advanced l a c k  foundation. These c r i t i c i s m s  / i2 ' (7 
apply t o  t h e  so lu t ions  t o  which we j u s t  r e f e r r e d .  

It i s  remarkable t h a t  t h e  i n t e r n a l  problem admits a very simple, 
one might say  a very f a m i l i a r ,  so lu t ion .  To f i n d  t h i s  solu-t loz,  we 

aB take  t h e  ma te r i a l  t enso r  i n  t h e  form T = pouauB, t h e  inva r i an t  5' = 

= p being a cons tant  f o r  an incompressible f l u i d .  We suppose p t o  
0 C 

b e  constant  f o r  t h e  s o l u t i o n  t o  follow. 
For g r e a t e r  c l a r i t y ,  we t ake  t h e  i n t e r n a l  problem a s  our p ~ ~ i n t  

of departure.  F i r s t  we adopt ,  a s  our space coordinates ,  t h e  tl-ree 
cons tants  of a l i n e  of flow, a s  our  time coordina te  t h e  i n t e r v a l  x )  - 

counted along one of those  l i n e s .  The fundamental form i s  -then 

2 
dx + 2g 

4 
dx d x  ( i ,  A, p = l ,  2, 3 ) -  

i 4  d x i d x 4 + g 1 1 J ,  A p 

The gi4 a r e ,  i n  t h e  genera l  case ,  independent of x Tne - 
4" iLU 

a r e  i n  genera l  dependent upon x But we a r e  seeking a p a r t i c ~ l ~ i r  
4' 

so lu t ion  f o r  which gi4 = 0 ,  with g independent of x4. U n d . ~  tI3cse 
XP 

condi t ions ,  one very  simple s o l u t i o n  i s  E i n s t e i n ' s  so lu t ion  

X n 
2 2 2 2 

dx2 - dx - R s i n 2  2 [dx + s i n  x 
1- Po 

9 

4 1 R 2 2 C 2) 

where i s  t h e  ord inary  cons tant  i n  E i n s t e i n ' s  g r a v i t a t i o n a l  e q u a ~ i o n s ,  
Ordinar i ly ,  we view t h i s  so lu t ion  a s  one extending ~ I ~ ~ O ~ J ~ ~ O L ~ ? ;  

t h e  domain of v a r i a t i o n  of x x x which could be  obtained by  lettS;ing 
1 2 3  



x vary from 0 t o  2n, x from 0 t o  n, 2 from 0 t o  n. That i s  w k a ~  
3 2 R 

is  known a s  Eins te in '  s universe. 
The curves on which x alone var ies  a r e  t h e  geodesics 

1 
i n  the  space, normal t o  t he  geodesic spheres x = const,  of ~i* 'nL@- t h e  

1 
two centers a r e  x = 0,  x = Rn. 

1 1 
Let us r e s t r i c t  our treatment t o  the  port ion of space arounr 

t he  point  x = 0 and bounded by xl = a ,  and l e t  us assume matter ;r, 
1 - 

be l imi ted  t o  t h a t  por t ion of space. The extension of t he  inner 
2 

ds by an outer  ds2 is  then well defined. It is  na tu ra l  t o  thin'r 

t h a t  t h i s  extension w i l l  provide a ds2 of form (1 ) .  
Indeed, i f  we impose t he  cont inui ty  conditions of the p 4 t n r -  

t i a l s  and t h e i r  f i r s t d e r i v a t i v e s  with respect  t o  the  var iab le  x- - 
L 

the  geodesic d is tance  normal t o  t he  separation space, we f i nd  she 
necessary and su f f i c i en t  conditions 

FARADAY TRANSLATIONS 
15 PARK ROW 
lY3W YORK 38, N.Y. 


